Critical exponents for structural phase transitions in a
complex plasma
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Abstract. The critical instability of two dust particles levitating in the complex plasma sh&fattradio-frequency discharge
is considered. It is shown that the two-particle system has a critical pberenthe alignment symmetry is continuously broken
as the system parameter is varied. The associated critical exponedtsigesl and found to belong to the Ising universality
class. Another universality class is suggested for symmetry breakihg cadial and vertical confinement potentials.

Keywords: Hamiltonian, Plasma Sheath, Dust Particles, Phase TramsitBymmetry Breaking
PACS: 52.27.Lw,52.35.Py,52.80.Pi

INTRODUCTION

The theory of critical phenomena has mostly been exploiad the perspective of the statistical thermodynamics. In
the so-called extensive system regime, where the numbetesficting particles is of the order of Avogadro’s number,
the assumption of an infinite uniform system is justified. tm+extensive systems where the number of particles is
fewer than~ 10°, the thermodynamic limit can no longer be assumed, sincesttemt of the interparticle interaction

is comparable the size of the system. Complex plasma preddedeal medium for studying phase transitions in
non-extensive systems, with as little as two particlesldigpg extremely rich physics such as spontaneous symmetry
breaking and universality.

RESULTS

The Order Parameter Exponent3

Below a critical radial confinemend, .. The Hamiltonian has a stable equilibrium with the dustiplkes horizon-
tally aligned Az = 0). Taylor expanding the Hamiltonian about the equilibriposition in the vertical interparticle
separation order paramet&z we obtain

H = A" (0)Az+ %%”(O)Azz + é%@ (0)AZ + 2—14%4) (0)AZ*
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whereQ denotes the critical vertical to radial frequency ratio #melcoefficient#(4 (0) depends only on the internal
parameters of the dust system. Treatipcas a constant, as required by constant sheath field, we nmast (d¢ as
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wherew, ¢ denotes the critical radial angular frequency for a givertie@ angular frequency,. Near the critical
point, (2) becomes
H = %wamz%%amz“ (3)

where we have writteay = %%(4)(0). Equation (3) corresponds to the Ginzburg-Landau Hanidtofor the Ising
model in the mean field approximation with zero external nedigrfield strengtiH = 0 [2]. The equilibria of (3) are



found using the minimum conditioni’ /dAz = 0,
0= —Mw?lAz+asAZ. 4)

For { < 0, the only real solution iAz= 0. That is, below the critical frequency, the dust particle®main aligned in
the horizontal plane. Above the critical frequerfcy 0, the ground-state of the system bifurcates into two degéme
equilibria which are related by th&z — —Az symmetry of the Hamiltonian

pz— 1| MO &)
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The order parameter changes continuously as the frequeassep the critical point, with the critical exponent
B = 1/2 defined byAz O ||P characteristic of a continuous, or second-order phassitiam The Ising model of
ferromagnetics undergoes such a transition from parantiagioeferromagnetic phase d— T;" at zero external
magnetic field strength. In this case, with the zero-field netigationM |4—o O \£|1/2 as the order parameter. At non-
zero magnetic field strength, the system loses its spirrsayeymmetry, so that the continuous phase transition can
no longer occur. The external magnetic fields said to be conjugated to the order paramister

The Response Exponend

Motivated by the external magnetic field of the Ising moded,search for a field conjugated to the order parameter
Az of the dust system. The asymmetric wake provides this fiatdodlucing an asymmetry between the wake charges
of two particlesAQ,, induces explicit symmetry breaking terms in the Hamiltonia

H = aAQuAz— %waZAzz + %agAQWAzg + %amz“. (6)

Note that it is necessary to replace each instan€@,oh the expressions for the coefficiemsanda, by the sum of
both wake charges, which is assumed to remain constant.yhimastry breaking terms skew the Hamiltonian so that
the oblique equilibria lose their degeneracy and one bes@nergetically favoured.

Along the critical isofrequency = 0, the equilibrium condition gives

B
ap +agAz2’

AQw = - ™

The first term in the Taylor expansion of (7) abdzt= 0 occurs at third order iz, and all subsequent terms occur

at fifth order or higher. This provides the critical exponént 3 for the scaling relatiodAz O AQ&V/‘S. If the wake field
AQ, passes zero at or above the critical frequency, then thesgatgm will change continously from one oblique
equilibrium to the other. If this occurs below the criticeéduency, the order paramet&z develops a singularity at
AQy = 0, resulting in a discontinuous jump in the order paramé&teswn as a first order phase transition.

The Susceptibility Exponenty

The susceptibilityy of a system is defined as the linear response of the order p&gato infinitesimal changes
in the conjugate field. The critical exponeptis defined such thay = (IM/dH),_, O |€|7". In the mean-field
approximation, the predicted valueyis= 1

The equilibria of the general Hamiltonian of the dust sys(6jrare analytically soluble. Differentiating the solutio
with respect to the wake differend®,, and taking the limit of the derivative a&Q, — 0 we obtain the critical
exponenty = 1 for the susceptibilityt = (0Az/dAQw)q,, o0 U 4|7



1

0.8 .
Instability

0.6

U]

0.4 Stability

0.2

0

0O 2 4 6 8 10

Qw/Qd
FIGURE 1. The numerical phase diagrathy= 6.07 x 10—4,M = 3.60x 10—14,Qq = 3.6 x 103¢, { = 1.5Ap)

The Specific Heat Exponentx

This exponent describes the divergence of the specificQi&glte|~* at the critical temperature. The valae= 0
follows trivially from the definition of the specific heat dfé dust system,
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CONFINEMENT SYMMETRY BREAKING
We now consider symmetry breaking of a different kind, nanieéaking of confinement symmetry in the radial and
vertical directions. The vertical ion flow in the sheath maliy provides a prevalent direction, reducing the symgnetr

of the system. In order to describe the extent of this symyimeaking, we use the inverse critical frequency ratio
Y = Q1 as an order parameter. Linear perturbation theory sugtiestsllowing expression for the critical ratio
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This is a generalisation of a previous result [1] to incluide éffects of linear electron screening. Rearranging (9) to
eliminatec, explicitly from the right-hand side we obtain

2_ . QuwQu Pk > 2>< 302 2k )} ko JETER
=1 27T£0M(AJZZ {(EZ—FAX%)Z <1+Km (€2+Axg)5/2+ (€2+Ax§)2 € . (10)

Plotting W as a function ofQy, at constantu, reveals a curve which terminates at a critical wake ch&@ge. Given
that the coordinates of the critical point in ti@y, W) space aréQu ¢, 0), it quickly follows that near the critical point

Qw.c — Qw
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Qw,c

(11)

and thus we obtain the critical exponeBit= 1/2 defined byW ~ (—8)#, where 8 = (Qy — Qu.c)/Qu.- If we
tentatively define the susceptibility
(?a)p)
Xspat (0 0 ( )

then, multiplying (10) byw;,, partially differentiating with respect t@, and taking the limit agy, — 0 we obtain the
critical exponeny = 1/2 wherexspat~ (—0)7".



To assist in the determination of the response expodente introduce the normalized resonant frequencies
Wy = Wp/wyc andw, = w,/ Wy c. In this notation, (10) becomes

0+1
wz1/1——@2 ) (13)

As the critical point is approached, we may write

~ 1 1.
W= ———n~ 1+
1_ 2

&

and therefore® = 2.
The critical exponentg = 1/2, y=1/2 andd = 2 satisfy the Widom equality

y=B(-1)
suggestive of universality. Assuming that the Griffith’aiatity
a+p(0+1)=2

holds true, we may assign the critical exponent 1/2 for the specific heat capaci®= dQ/d6 0 |8] .

DISCUSSION AND CONCLUSION

The critical exponents for the horizontal alignment ingitgbare the same as those of the mean field theory for
thermodynamic systems such as the Ising model and Van dds thaary. The dust system exhibits both a continuous
(second order) phase transition at the critical resonaqtincy, as well as discontinuous phase transitions induce
asymmetric wake fields. The exponents are independent plasena parameters such as the Debye length. Although
we made use of the a the point-charge approximation to mbéeion wake distribution, the results should apply
equally well for any wake distribution since they dependyant the local approximation to wake potential up to third
order.

The second order phase transition is easily observed forderdical particles in a uniform discharge. In order to
observe the discontinuous first order phase transitiondsstvthe oblique equilibria, consideration must be given to
the experimental realisation of the wake charge asymnf&fyy. The wake asymmetry may come about by virtue
of the non-uniformity of the discharge, however, dynamigake charging in the plasma is necessary to observe the
jump.

In terms of spatial symmetry breaking of the confinement $ietbe critical frequency rati¥ for two identical
dust particles provides an order parameter to describexteateof the symmetry breaking by the dust-induced wake
fields. The remarkable simplicity of the order parametelisga¥ ~ (—8)1/2 near the critical wake charge tempts us
to define other critical exponents for the susceptibility #me response. The fact that the exponghtgandd satisfy
the Widom equality gives strong support to the notion of arsality. It is not clear, however, if the predicted expdnen
of a = 1/2 can be derived from the Hamiltonian.

The role of fluctuations has not been considered. Thermaufitions in thermodynamic systems are responsible
for changing the critical exponents from their mean fieldueal Fluctuations of grain charge in the dust system may
allow us to define a correlation function, giving deeperghsinto the universality class of this system.

The fact that the horizontal alignment instability belongshe Ising universality class for thermodynamic systems
suggests a common symmetry underlying these seeminglgrdigpsystems. The new universality class for breaking
of the external confinement symmetry needs to be explorexkater detail so that it can be compared to other systems
which share the same symmetry.
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